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Frozen orbits are of special interest to mission designers of artificial satellites. On average the eccentricity and
argument of the perigee of such orbits remain stationary. Frozen orbits correspond to equilibria in an averaged
form of the zonal problem and are almost periodic solutions of the full (nonaveraged) problem. In the zonal
problem of a satellite around the moon, we numerically continue natural families of periodic orbits with the polar
component of the angular momentum as the parameter. Three families of frozen orbits are discovered.

I. Introduction

N orbit with almost constant eccentricity and with an almost

constantperiapsedirection(on average)is calleda frozen orbit.
A low but constant eccentricity ensures a constant altitude, and, for
this reason, frozen orbits are recommended for reconnaissance. A
fixed argument of the perigee ensures longer living satellites. For
Earth, frozen orbits have been studied extensivelyin the past; a long
list of references is given in Ref. 1.

In the case of the moon and problems in connection with nat-
ural satellites or asteroids, interest in frozen orbits has developed
only recently?~> Park and Junkins® obtained frozen orbits for the
moon by setting to zero the time derivatives of the instantaneous
eccentricity, inclination, and argument of the perigee in the zonal
problem of artificial satellite theory. These roots do not correspond
to an equilibrium of the problem. Nonetheless, assuming that the
root in eccentricity is small and limiting themselves to arguments of
perigeeequivalentto 7/2 modulo 7, these authors adjusted the other
Keplerian elements to determine initial conditions for frozen orbits.
Eventually, by numerical integration, they ascertained that one of
their candidates for initial conditions does indeed produce a frozen
orbit of very low eccentricity but very high inclination. Clearly this
doesnotconstitutea systematicmethod for finding families of frozen
orbits irrespective of their eccentricity.

We take a different approach. Our tool is a software package
designed to continue one-parameter families of periodic orbits for
general dynamic systems with two degrees of freedom, yet admit-
ting one integral ® The program has two components. With the first
one, the corrector, we can solve the following problem: Given initial
conditions that produce an almost periodic orbit, how are the initial
conditionsrefined to obtain a tighter closure? With the second com-
ponent, the predictor, when given a periodic orbit correspondingto
a certain value of the parameter, we displace slightly the value and
calculate approximately initial conditions for a periodic orbit; then
we use the corrector to converge to a periodic orbit. The process is
repeated until the family reaches a singularity. Corrector and pre-
dictor involve a numerical integration of the differential equations
of the system jointly with the variational equations. The variations
are essential either to correct or to predict initial conditions. Also
note that, from the variations at the end of a period, we extract
the characteristic exponents of the orbit; these constitute a measure
of the stability of the orbit. The numerical integration we adopt is
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recognizedto be stable. It amounts to decomposing the solution and
its variations into a recurrent chain of power series. The program
has been applied with success’ to recover the families of frozen
orbits about the Earth that have been conjectured from asymptotic
analytical expansions.!

Following this procedure we have found three families of frozen
orbits around the moon:

1) The S, family starts at the equator with orbits of low eccen-
tricities and purely imaginary characteristicexponents. It continues
up to an inclination of 90 deg, but with progressively larger eccen-
tricities, and the characteristic exponents at one point change from
stability to instability. The family presentstwo dips in eccentricityat
inclinationsaround 27 and 53 deg, respectively. The first dip seems
to be caused by the coefficient C5 o, although we have no analytical
confirmation of that.

2) The S; family starts with an inclination / =86.46 deg, an
eccentricity e =0.153, and characteristic exponents both equal to
41 and ends with an inclination I =73.89 deg, an eccentricity
e =0.146, and characteristicexponentsboth equal to +1. It presents
adip at [ =78.26 deg, where the eccentricity reaches the minimum
value e =0.0002. The frozen orbit calculated by Park and Junkins?
belongsto S;;itis found,as expected,close to the dip in eccentricity.

3) The S, family bifurcates from S ; it is made of unstable orbits
with higher than e = 0.146 eccentricities. For these reasons, we did
not continue it to its termination.

We worked with different models of the gravity potential: Ini-
tially we used Akim’s model®; next we repeated the calculations
with Bruce and Ferrari’s model.” Qualitatively speaking, we did not
detect meaningful differences from one model to the other. Later,
we received the lunar gravity model (LGM) potential LGM0281
(Ref. 10) from Junkins. Here again, provided we do not take more
than 16 coefficients, the behavior of the families does not differ by
much. However, this is no longer true if we include harmonics of
degree 17-20 in the model. There seems to be a general shift to the
right of the dips in eccentricity in the diagrams showing the average
eccentricity of a frozen orbit plotted againstits average inclination.
We did not examine in detail these modifications. The coefficientsin
the gravity model are not known with complete accuracy; until they
are, it serves no purpose to comment on how variations in values
affect the existence and behavior of families of periodic frozen or-
bits. Thus, our conclusions should be limited to claiming that there
are many frozen orbits about the moon at any inclination.

The paper is organized as follows. In Sec. II, we recall basic
concepts about general dynamic systems with two degrees of free-
dom and their variational equations both in the Cartesian frame and
in the Frenet frame attached to an orbit. In the following section,
these concepts are then applied to a mass point about the moon.
It is assumed that the density of the moon admits axial symmetry
and also that the satellite is sufficiently close to the surface of the
moon that perturbation by Earth can be ignored. (Third-body effect
of Earth becomes important when the apoapse is greater than about
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Fig. 1 Families of periodic frozen orbits for the moon; family S;

are stable orbits, S, are unstable ones with high eccentricities, and

frozen orbits S are stable for inclination I € [0, 63°) and unstable for
I €[63,90°): ——, stable periodic orbits and - - -, unstable orbits.

500 km.) Once the major assumptions making the zonal problem
of lunar satellite theory have been set, we show how to continue
a family of periodic orbits. The results attained in this paper are
shown in Fig. 1.

II. Variational Equations

We shall deal with a problem of two degrees of freedom, for
which the equations are written in the form

¥ =2A(x,y;0)y + W, (x,y;0)
§=—2A(x, y; 0)x + W, (x, y; 0) M

with A and W functionsof the coordinatesx and y and of a parameter
o that will be specified later. Obviously, these equations have the
energy integral

C=2W— @+ )

that is sometimes referred to as the Painlevé constant.
Any solution

x(t;0), y(t; o) (3)

of Eq. (1) depends on . The displacements

a i} . ox A
Sx=—b0,  by=—280, Si=——b0, 0y=-—2b0
ao ao ao ao
of Eq. (3) induced by a variation of the parameter o will be solution
of the variational equations

8% =2A8y + (W, +2A,9)6x + (W, +2A,y)8y
+ Wy +24A,))é0
8y = —2A8x + (W, — 2A,X)éx + (W, — 2A,x)8y
+ (W, —2A,X)0 4
and they satisfy the variational integral
J =W,80 + W, 6x + W, 8y —x6x — y8y )

We will look for isoenergetic variations, that is, those for which
J =0. Let us assume that for a given value of the parameter o we
find a periodic solution of Eq. (1). With Egs. (4) and (5), we ob-
tain an approximate periodic solution for a value of the parameter
o + 80. The main difficulty that we encounter is that the secular
and periodic solutions are mixed, which may degenerate the solu-
tion. To avoid this, Deprit and Henrard® invented an algorithm that
converts the variational equations (4) into an equivalent system for
the normal n and tangential p displacements. In this way, the secu-
lar displacements (the tangential) are split from the purely periodic
ones (the normal).

The variations of the Cartesian coordinates are related with the
intrinsic displacements through the relations

8x = pcos¢p —nsing, 8y = psing +ncos¢
8y =psing 41 cosd + ¢pox

(6)

8% = pcosd —nsing — ¢sy,

where the angle ¢ is the inclination of the velocity vector over the
x-axis. Deprit and Henrard® proved that the normal isoenergetic
displacement n satisfies the equation

ii+O@n=—2W,[(A+¢)/V] =24,V +W,, cos¢ — W,, sin¢
7

the coefficient ® in the left-hand member is
O=V/V+2A+¢) +2A%— W,, — W,,
—2V(A;sing — Ay cos¢)

Once Eq. (7) is solved, the tangential displacementresults from the
quadrature

d(p\ A+ W,
dt(V>_2 v ' ®

The general solution of Eq. (7) is the linear combination

n=an'+ pgn" +n°

where n' and n"" are solutions of the homogeneous part of Eq. (7)
for the set of initial conditions

n'(0) = a"(0) = 1, ') =n"0) =0 9)
and n? is a particular solution of Eq. (7) for the initial values
n’0)=n"0)=0 (10)

Analogously, the tangential displacement is obtained as the linear
combination

p=oap' +pp" +p°

where p' and p" result from quadratures of the form

i(£>=2A+¢n (11)
ar\ Vv Vv

corresponding, respectively, to n' and n'' for the initial condition
p(0) =0, whereas p° is the particular solution of Eq. (8) for n°.
The coefficients & and B are determined by the initial conditions
n(0) and 12(0) and the conditions of periodicity. With this, « and B
stem from the linear system

a[n"(T) — 11+ Bn"(T) = —n°(T)
an(T) + B[a"(T) — 1] = —n°(T) (12)

where T is the period of the periodic orbit, provided that the trace
of the resolvent for Hill’s equation

tr(T) = n'(T) + a'™(T) (13)

is not equal to 2. The point at which the trace is 2 marks what
Wintner'! calls the “termination” of the family. The trace thus com-
puted plays a very important role because it gives the stability of
the computed orbit. When [tr(T")| < 2, the characteristic exponents
of the orbit are of the stable type; if [tr(T")| > 2, they are of unstable
type, whereas |tr(T")| = 2 represents cases of indifferent stability.

Once the constants « and 8 are computed from Eq. (12), then
Eqgs. (6) together with the initial conditions(9) and (10) will provide
the correctionsto the periodic orbit.

Deprit and Henrard® gave the method for continuing natural
families of periodic orbits parametrized by the Painlevé constant.
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Lara et al.” produced an adaptation of the method for another pa-
rameter, provided the potentialis of the form

W=-Y oF@x.y) (14)

i>0

where o; are the parameters of the problem. The variational equa-
tions will correspondto one parameter chosenamong these o;. More
recently, Lara'? extended the method for a more general parametric
case.

The method developed in Ref. 7 is valid for any zonal gravity
field, although the authors mainly focused on continuing numeri-
cally families of periodic orbits to the Earth zonal satellite problem.
In the following sections, we apply the same method to the moon
zonal satellite problem.

III. Zonal Problem for the Moon Potential

The potential of the moon, when only zonal harmonics are con-
sidered, is of the form

_Bn )
D (r>J,,P,,(u) (15)

where p is the gravitational constant of the moon, r is the radial
distance, u is z/r, « is the equatorial radius of the moon, J, is the
zonal coefficient of degree n, and P, is the Legendre polynomial of
degree n.

There is no agreement regarding the gravity field model for the
moon, and the coefficients are differentin each model. See Table 1 in
which we give two models. In this work, we choosethe 7 x 7 Akim’s
gravity model® as given in Table 1, although we computed periodic
orbits for other models and obtained similar results.

As to the Earth’s potential, the dominant coefficient is J5; the rest
are of higher order, but in contrast to the Earth, the coefficient J;
is larger than the previous ones (J3—Js), which might have a strong
influence on the periodic orbits.

The motion of a particle orbiting the moon is a problem of three
degrees of freedom. However, when only the influence of the zonal
harmonics is considered, the Hamiltonian is invariant to rotations
around the polar axis, and, consequently, the polar component A
of the angular momentum vector G is an integral of motion, which
allows a reduction to two degrees of freedom. Indeed, by the use of
cylindrical coordinates p, z, A, P, Z, and A, the Hamiltonian takes
the form

H=3(PP+Z>+A*/p") +V(p, 2)
and it may be rewritten as
H=312P+2Z%—W(p,2) (16)
with the effective potential function
W =—A/2p"=V(p,2)

The moment A being an integral, its conjugate coordinate A will be
obtained (once the problem integrated) by the quadrature

/’ dr
A=A
o P()?

Table 1 Zonal coefficients from the 7 X 7 Akim’s® gravity model
of the moon and from Goddard Lunar Gravity Model-1 (GLGM-1)

Coefficient Akim?® GLGM-1

Js 0.2070 x 103 2.037448533865259% 10~*
53 0.4900 x 103 1.026274048885357x 10>
J4 0.8000 x 10~° —9.008534083140000x 10~°
Js —0.3600x 1073 1.243678088670680x 10~°
Js —0.1100x 1073 —1.362456275204084x 107>
J —0.2870x 10~* —2.558744417452570x 107>

In this way we separate the motion of the satellite in its meridian
plane from the rotation of that plane. Moreover, the rotation of the
meridian plane includes the effect of the precession of the nodes,
which will rarely be commensurate with the intrinsic frequency of
the satellite in its orbit. Thus, we will pay no attention to the A
coordinate and will deal with orbits that are periodic in the meridian
plane and are quasi periodic in three-dimensional space.

The Hamiltonian (16) does not depend explicitly on the indepen-
dent variable #; thus, the energy of the satellite is preserved along
the motion, and we may introduce the energy constant C (for the
sake of simplifying the notation in the algorithm) as

H(P.Z,p.z: A) = —1C

The equations of the motion correspondingto the Hamiltonian (16)
may be written in the same form as Eq. (1):

=W, F=W, (17)

The differential variational equations (4) are now
8p=W,,60+ W,.6z+ W, 6A
8z =W, 8p + W..0z + W.A8A (18)
The variational integral (5) is
W,80 + W.8z — psp — 28z —1p > =0 (19)

Because we shall integrate both systems (17) and (18) numeri-
cally, instead of the family itself, we will compute the continuation
of the initial conditions py, zg, 0o, and z,. Formulas and details of
the procedure are given by Deprit and Henrard® and by Lara et al.’

IV. Integration by Recurrent Power Series

For the numerical integration, we employ the method of recur-
rent power series,'* although classical Runge—Kutta methods can
also be used or even more refined ones such as the multiple shoot-
ing technique.'* Because we have to integrate a differential system
and its variational equations, this method is very convenient be-
cause it has both high accuracy and stability.”>'® The integration
code is written in FORTRAN 77 using double precision. Note that
the FORTRAN programs have not been produced by hand but by
machine through an algebraic processor.!* The generator program
assumes that the right-hand members of the differential system are
recurrenttrees of elementary functions. The generator program goes
down each tree, replacing each node by an algorithm generating the
corresponding power series. Proceeding in this way, we overcome
the major objection made to the method of integration by recurrent
power series, namely, that it is necessary to write a specific program
for each differential system. Once it is built and tested, the program
generator takes care of adapting the method to any particular sys-
tem in a rather wide set of differential equations. (See Ref. 13 for
details.)

By the simple expedient of adopting new units of length and
time, we can make the Gaussian constant 4 =1 and consider only
the value C =1 for the energy integral without loss of generality.
In the new units, the tolerance for periodicity is 107!3, that is, we
say that an orbit is periodic when the difference between one point
at the epoch ¢ and the initial point is <10~'3. The same criterion
has been applied to check the different control identities along the
integration.

The natural families we follow are parametrized by A; how-
ever, they are made of frozen orbits, and these orbits are charac-
terized by an average eccentricity (e¢) and an average inclination
(I). These characteristicsare computed numerically by calculating
the integrals

1 (7 1"
(6)=T/0 e(t) dt, (1)=T/0 I(t)dr

To these numbers, we add the stability index (13). We collect these
individual characteristics in a plot (I) vs (e), where the natural
family becomes a curve.
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By definition, the argument of pericenter g for a frozen orbit
is stationary on average, that is, d{(g)/df =0. The average (g) is
inaccessible to us because we operate immediately on the original
equations of motion. Instead, for each periodic orbit, we compute
the values

y = min g(?) I' = max g(?)

teT teT
The difference g = |I" — y| is a measure of the maximum elonga-
tion of the osculating argument of the pericenter from its average
value. The smaller 8¢ is, the closer the periodic orbit is to a frozen
orbit.

V. Frozen Orbits

To start the Sy family, we start with a circular equatorial ini-
tial conditions p = 1, and z = p =0, with the value of the parameter
A =~ G.Withtheseinitial conditions, the correctorrapidly converges
to a periodic orbit of the J,—J; problem. Thus, by construction, Sy
begins with a quasi-circularequatorial orbit, but soon the eccentric-
ity grows to a maximum. Thereafter it decreases until it reaches a
minimum for an inclination / &~ 27.6 deg. From there, the eccentric-
ity increases again, but quickly, to a new maximum, then decreases
to almost O for / ~ 53.4 deg and again climbs swiftly to almost 1.
This high eccentricity remains almost unchanged while the inclina-
tionincreasesupto /2 (Fig. 1). Accordingto the stabilityindex, S
is made of stable orbits from the value / =0 deg (A = G) until the
inclination reaches a value I ~ 63 deg. At this point, the orbits be-
come unstable until the end of the family at 7 /2. A period doubling,
pitchfork bifurcation occurs at I ~ 63 deg.

Starting the S family is a little more complicated than for the S,
family. We sweep inclinationsdown starting from the polar case and
eventually found starting orbits by adjusting a quasi-circular orbit
with large inclination. Once the family was started, we moved the
parameter A in both directions. This technique produces a family
that we labeled S, . Continuation of S; by increasing A showed that
this family terminates at an inclination close to 73 deg, while the
continuationin the opposite direction revealed that orbitsin | near
the inclination 7t /2 have very large eccentricities. Indeed, the min-
imum value of the eccentricity (e &~ 1073#) for this family is found
at an inclination / ~78.2 deg. The stability index (13) shows that
all orbits of S, are stable.

Knowledge of previous results on periodic orbits in the zonal
problem for other celestial bodies (Earth and Mars) prompted us to
look for yetanothernatural family of periodicorbits, startingfrom an
inclination and eccentricity near the ones where the family S| ends.
To obtain initial conditions for an orbit in that family, we took the
initial conditionsof an orbitin the family S, close to the termination,
and then we varied slightly these initial conditions with the view of
increasing the eccentricity but maintaining the period. After several
trials with different initial conditions, the algorithm converged to a
periodic orbit of a new family S,. The continuation of the family
S, in both directions (increasingand decreasinginclinations) shows
thatthe family is made of highly eccentricorbits that are all unstable.
On the side of decreasinginclinations, with the numerical precision
used for the numerical integration, it seems that the families S, and
S, have the same termination.

Poincaré sections are used to corroborate all of those features. In
that representation, an orbit is mapped onto a collection of points
obtained as the intersection of the orbit with a section (when pos-
sible) orthogonal to the flux. Periodic orbits appear as fixed points

on the surface and closed trajectories on the surface correspond to
regular areas of quasi-integrablemotion.

Thus, in Fig. 2 we present three sections (p, p) for z=0 and
z> 0. In this representation, almost circular orbits cut the section
z =0 with p & 0. However, eccentric orbits cut the plane z =0 with
0 # 0; the longer the eccentricity of the orbit is the greater the value
of p is.

The sequence starts with Fig. 2a, correspondingto the inclination
I ~ 63 deg. At this time, we only find one fixed point corresponding
to one periodic orbit of the S, family. This fixed point is far away
fromtheorigin(1,0), and therefore,the orbitis highly eccentric.The
sequence continues with Fig. 2b, which correspondsto I =~ 73 deg.
A pitchfork bifurcation occurred with the consequentchange in the
stability of the (highly eccentric) orbits of Sy. Figure 2c presents
the final situation, where a saddle-node bifurcation gives birth to
both the stable, almost circular orbits of the §; family, the elliptic
fixed point close to (1, 0), and the unstable, eccentric orbits of the
S, family, the hyperbolic fixed point of the section.

For orbits belonging to natural families S, (Fig. 3a) and S,
(Fig. 3b), we plot vertical segments of length §g, that is, to each
orbit, we associate the maximum variation of the periapse along a
period. By doing so, we provide in Fig. 3 the (e, §g) characteristic
of the frozen orbit together with the inclination of the orbit. Note
in Fig. 3 that the periapse of orbits with eccentricity e > 1/100 is
clearly frozen. For orbits with smaller eccentricities, the oscillation
of the periapse is greater than 3 deg, but this is not relevant because
the periapse is not defined for circular orbits.
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Fig.3 Variation of the argument of the pericenter, including scale the
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Fig.4 Typical behavior of a frozen periodic orbit.

To illustrate the behavior of the frozen orbits computed, we take
one of them and compute the time evolution over one period of cer-
tain orbital elements, namely, the semimajoraxis a, theinclination/,
and also the frozen orbit condition, that is, eccentricity e vs periapse
g. Theresultis shownin Fig. 4. In ourexample, we took an orbit with
averaged orbital elements a =1759.2 km (some 20 km above the
surface of the moon), e = 0.00055 (close to the minimum in eccen-
tricity of the S; family), I =78.26 deg, and g =270 deg. The nodal
period of this orbitis P ~ 1.84 h, and these orbital elements are peri-
odicforour zonalmodel, yet the argumentof the node has retrograde
secular motion. Albeit this orbit has a very low osculating eccen-
tricity (always less than one thousandth),the osculating periapse re-
mains within the interval 236.75 < g <303.25 deg, spending most
of the time very close to g =270 deg, the constant averaged value.

The behavior of the periapse is very differenteven for very close
orbits, as we can see in Fig. 5. In Fig. 5, we plot the curve e =e(g)
of a frozen orbit with averaged orbital elements a = 1759.486 km,
e =0.0136,and I =78.3 deg, quite close to the preceding case, but
with averaged periapse g =90 deg. Now, the osculating periapse
always is 89 < g <91 deg (Fig. 5a).

Note that we may have orbital elements slightly different from
the ones of a frozen orbit; however, the orbit is not periodic. This is

0.0139
0.0138
0.0137
0.0136
.0135
.0134
0.0133

89.25 89.75

90.75

90.25

g (Deg)
a) Frozen orbit
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0.018
€0.016
0.014

0.012

0 20 40 60 80

g (Deg)
b) Nonfrozen orbit

Fig.5 Time evolution (3 years) of eccentricity ¢ and periapse g for two
orbits with almost equal initial conditions.

showninFig. 5b.Indeed, forexample,if we take one orbit withinitial
averagedorbitalelementsa = 1759.207 km, e =0.01, I =78.3 deg,
and g =89.5 deg, very close to the preceding case, this orbit is no
longer frozen, as we can see in the evolution of eccentricity and
periapse thatin 3 years goes from 0 to 90 deg.

VI. Conclusions

Frozen orbits that are equilibrium solutions of the averaged prob-
lem correspond to quasi-periodic orbits in the original problem.
These type of orbits, as with the Earth, are of great interest for lu-
nar orbiters. By continuing natural families of periodic orbits in the
zonal problem of the moon, we found three families of periodic
orbits that correspond to frozen orbits, that is, that maintain their
eccentricity,inclination,and periapse constantalonga period. These
frozen orbits are very sensitiveto the initial conditions, with slightly
different orbital elements to the ones we found that do not provide
frozen orbits.
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